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In this article, we review recent studies on multiple dual 2D CFT descriptions of the 
Kerr-Newman black hole, in terms of the Kerr/CFT and Reissner-Nordstrom/CFT cor- 
respondences. A microscopic hair conjecture is suggested. 
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1. Introduction 

The near horizon geometries of certain extremal black holes contain the AdS2 or 
AdSa structures, which are known to play important role in understanding the 
macroscopic and microscopic entropies of black holes long ago. The well known 
examples include the Bertotti-Robinson solution (AdS ?) f or extremal Reissner- 
Nordstrom (RN) black hole in Einstein-Maxwell theory and the near horizon 
geometryfAdSa ) of the D1-D5 system in string theory l^l. Based on the holographic 
principle and its realization in the asymptotically AdS spacctime, one can relate 
the quantum gravity descri ption of black holes with their dual CFT in terms of the 
AdS/CFT correspondence ISIZISI. In the past three years, new advances have been 
made in studying the CFT descriptions of a class of extremal black holes in which the 
near horizon geometries are of the warped AdSa structure (with SL{2, R)rxU{1)l 
isometry). The initial progress was the calculation of the left hand central charge 
and temperature of the 2D CFT dual to the extremal Kerr black hole, called the 
Kerr/CFT correspondence 1^1. The Kerr/CFT duality was further generalized into 
the near extremal and nonextremal cases by comparing the scattering amplitudes of 
external probe fields from the gravity side with those of the corresponding operators 
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in the dual 2D CFT side^I^im. Especially, even though the nonextremal Kerr black 

hole doesn't contain the warped AdSa geometry, a 2D hidden conformal symmetry 

can be detected by a probe scalar field at low frequ encies. Other nonextr emal black 

holes arc shown to have the similar prop erty, ssg ^' ^' 3Z ^ 3.^. L .^.^ 

various related studies and gcneralizationsl ^^l''^" l ^^ l '-^^ l '-^'^ l ^"^ ' ^5t26|27 | 28 | 29 | 30 | 31 J32j^ 

see a recent review for more references therein. 

A nontrivial generalization of the Kcrr/CFT correspondence is the studying of 
the CFT descriptions for nonrotating charged black holes, the simplest example is 
the (near) extremal 4D RN black hole, which only contains a near horizon AdS2 
geometry, but accompanied by an [/(I) gauge field. The key observation was that 
the background U{1) gauge field plays an equivalent role as that of the rotation in 
rotating black holes, consequently a warped AdSa structure is formed together with 
the AdS2 base m anifold. Thi s fact enables us to investigate the (near) extremal 
RN/CFT duality l ^^ l ^3 | 24 | 25 | ^^^^^ 2D CFT description for nonextremal RN 
black holell^. 

Combined with the results in the Kerr/CFT and RN/CFT correspondences, it 
is expectable that a multiple dual 2D CFT descriptions should exist for charged ro- 
tating black holes, e.g., the Kerr-Ncwman (KN) black hole. We showed that, besides 
the angular momentum J-picture (associated with the Kerr/CFT dual ity, where the 
central charges of the dual 2D CFT are = cr = 12 J) revealed in | 22|13| T6]^ 
other Q- picture (associated with the RN/CFT duality, in which the central charges 
are cl = cji = 6Q^/£, where £ is the parameter depends on the embedding) does 
exist for the general nonextremal KN black hole by probing the 2D hidden confor- 
mal symmetries via an external charged scalar field ^1^. Accordingly, a KN/CFTs 
correspondence was suggested. This suggestion was checked by matching of the ab- 
sorption cross sections and real time correlators calculated in both the J- and the 
Q-pictures from the gravity and the CFT sides. It is natural to believe that these 
two individual descriptions are just special limits of a unknown full holographic 
dual description of the KN black hole. The KN/CFTs duality could be much more 
easily understood in the geometric picture since in the near extremal limit, the near 
horizon KN black hole contains an AdS2 geometry together with two U{1) fibers, 
with SL{2, R)ii X U{1) x U{1) isometry. Thus there are two possible choices to form 
the desired warped AdSa structures, and certainly to have two individual dual 2D 
CFT descriptions. A similar idea has been studied later for the spinning M5 branes 
in 1231. Moreover, our work also suggested a fascinating "microscopic hair conjec- 
ture" — for each macroscopic hair parameter, in additional to the mass of a black 
hole in the Einstein-Maxwell theory (with dimension D > 3), there should exist an 
associated holographic CFT2 description. 

This article is organized as follows. We first review some basic properties of the 
KN black hole and study the scattering of a probe charged scalar field in section II. 
In sections III and IV, we explicitly analyze the J-picture and the Q-picture of the 
KN black hole, respectively, including the probing of hidden conformal symmetry. 



20, 2012 1:9 WSPC/INSTRUCTION FILE KNCFTsl 10629 



The Kerr-Newman/CFTs correspondence 3 

the calculation of absorption cross sections and real time correlators. Then we give 
the conclusion and discussion in section V. 



2. Charged Scalar Field in the Kerr- Newman Background 

The 4D Kerr-Newman black hole in the Boyer-Lindquist coordinates is 



A - sin^ ( 



dt 



A A-a2sin2( 



{2Mr -^Q^)a si-n^e 
A - a2 sin^ 9 ^ 
A sin^ e . 



(1) 



where the three macroscopic hairs are the mass Af , electric charge Q and angular 
momentum J = Ma, and 



E = + cos^ 



A = r2-2Mr + a2 + Q2_ 

The radii of black hole outer and inner horizons r± , the horizon angular velocity 
Jl^f and the chemical potential are 

a , Qr4 



n 



H 



H 



In addition, the Hawking temperature and the black hole entropy, are 

K r , — r 2 2\ 

Sbh = — 7i'(r_|_ + a ), 



T„ = — ^ 



2-K 47r(r2_ + a2)' 



(3) 



(4) 



where k and ^4+ are the surface gravity and area of the outer horizon, respectively. 

The Klein-Gordon (KG) equation of a massive probe charged scalar field $ 
scattering in the KN black hole is 

(V„-z(7A„)(V"-ig^")$ = Ai'$, (5) 

where [i and q are mass and electric charge parameters of the scalar field respectively. 
After assuming the following mode expansions 

r, 6*, <i>) = e-«^*+'"'^i?(r)S'(6l), (6) 

the KG equation can be decoupled into the angular and radial equations as 



1 



driAdrR) 



smf 

[{P + a2)w — qQr — ma]'^ 



- A 



sm 



— l^'^{r'^ + a^) + 2mauj — A 



5 = 0, (7) 



R = 0, (8) 



where A is the separation constant. When ^ = 0, the radial equation can be further 
expressed in a symmetric form 

1 1 r' -I- 111! — am — (Jr lo'^ r/9.9\ ^ n2 

dr{AdrR) 



[(r^ + a'^)uj — am — Qr+q] ^ [(r^ + a'^)uj — am — Qr-q\ ' 



R 



(r — 7'_|_)(r_|_ — r_) (r — r_)(r_|_ — rJ) 

+ [wV^ + 2(loM - qQ)ujr + up-a^ - u?Q^ + (2a;M - qQf \ R = XR. (9) 
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Under conditions: (1) small frequency uM <^ 1 (consequently uja <C 1 and luQ <C 1), 
(2) small probe charge qQ <C 1 and (3) near region Lor <IC 1, the potential terms in 
the second line can be neglected, and X = Xi = l{l + 1). Then eq.® reduces to 



dr{AdrR)- 



[(''+ + — am — Qr+q] ^ [(r^ + a^)aj — am — 



R — XiR 



(r — r+)(r+ — r-) {r — r_)(r_|_ — ?■_) 

(10) 

In the following two sections, we will show how to probe the twofold 2D confor- 
mal symmetries hidden in eq. (jlO|) . W e first reproduce the J-picture in terms of the 
Kcrr/CFT correspondence studied inHSUll^ and then investigate the new Q-picture 
in terms of the RN/CFT correspondence. We just list the main results, for detailed 
calculation, please refer to^i^. 

3. Angular Momentum (J-) Picture 

3.1. Hidden Conformal Symmetry 

To probe the J-picture CFT2 description dual to the KN black hole, one should 
consider a neutral scalar field by imposing g = 0, then eq. (|10p becomes 

\ [r -r+){r+ -r-) [r - r-)(r+ - r-) j 

It was shown that the left hand side of the above equation is just the SL{2,R) 
Casimir operator acting on $ with the identifications of parameters 

J rl+r^ +2a'^ r r+ - j 1 , , , 

T/ = + , ~ -, Ti = — ; , ni = -— -, ni = 0. 12) 

^ 47ra(r++r_)' ^ iira ' ^ 2(r+ + r_) ^ ^ ' 

Since the neutral probe scalar field does not couple with the background gauge field, 
it only reveals the angular momentum dominated section of the dual field theory, 
resembling the 2D CFT dual to the Kerr black hole with central charges 

Cl = 4 = 12J = 12Ma. (13) 

One can directly check that the CFT microscopic entropy from the Cardy formula 
indeed reproduces the Bekenstein-Hawking area entropy of the KN black hole: 

^^FT = y HTi + 4t'^) = ^{t\ + a^) = Sbh- (14) 

3.2. Scattering 

The near region solutions of ea.(|10p include ingoing and outgoing modes as 

Rf^ = z-'''-'{l-zy+'F{aj,bj;cj;z), 
^(out) ^ ,n.s(^i_,y+iF{a},b:j;cy,z), (15) 
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where g = is imposed, z 



, the expressions of a,/, bj, cj and 7,/ are 



cj(r^ + a^) — ma 



aj = 1 + I — i 



.Lj{r^ +r'i + 2a2) - 2ma 



bj = 1 + I — iu]{r+ + r^), cj = 1 — i2jj. 
The asymptotic form of the ingoing mode is 

i?^;"^ (r > M) ^ Ajr^ + Bj 



(16) 



(17) 



where 



r(cj)r(2/ + 1) 



B, = 



r(cj)r(-2; - 1) 



r(a,)r(6j) ' Ticj^aj)r{cj~bj)' 
and the conformal weights of the operator dual to the scalar field are 

Hence, aj and bj can be expressed in terms of and ujji 



(18) 



(19) 



aj ^ hi ~i 



bj = hi 



27rT/' 



with 



uj{r\ + + 2a?) - 2ma 
2a ' Ya ■ 

The essential part of the absorption cross section can be estimated as 



(20) 



(21) 



P. 



abs 



sinh(2^7j) |r(aj)|' \T{bj)\\ 



(22) 



Further with the help of the first law of thermodynamics, 



5S^ 



CFT 



8Ei 
Ti 



SSbh = - ^5Q 



the absorption cross section can be expressed as 



Th 



5J, 



(23) 



pJ 

abs 



(r/)2''^-i(Ti()2''«-isinh 



2Ti 



T{hi+i 



2^r/ 



r{h-{j + i 



2Ti 



2nTJ 



(24) 



which is the finite temperature absorption cross section of an operator dual to the 
neutral probe scalar field in the J-picture 2D CFT dual to the KN black hole. 
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3.3. Real-time Correlator 

The two-point retarded correlator calculated from the gravity side is 
Gi^^^ sin ( sin ( 

y,^ihi~-^^]T(h^+^^ 
^ 2ttTIJ V 27rT/ 



[3513T1 



x^{h■k-^T;zh]r[hi + ^^]. (25) 



From the CFT side, the retarded Green function Gu{^l,'^r) can be obtained 
from the Euclidean correlator (in terms of the Euclidean frequencies to el — i'^L-, 
and ujer = it^Rj 



'L e R 



V 2^Tr) \ 27^Tr) ' ^ ' 

(where ujel = ^el — i<^L^J■L and Cjer = ^er — iqRPR) by the analytic continuation 
from the on the upper half complex w^.A-plane 

GE{iOEL,i^ER) ^ GR{iUL,iuJR), U)EL,^ER>0, (27) 

and the Euclidean frequencies ujel and ujer. should take discrete values of the Mat- 
subara frequencies (m/,, riiR are integers for bosons and half integers for fcrmions) 

UJEL = 2'KmLTL, UJER = 2'nmFtTR. (28) 

At these frequencies, the retarded Green function precisely agrees with the gravity 
side computation eq.psp up to a numerical normalization factor. 



4. Charge (Q-) Picture 

4.1. Hidden Conformal Symmetry 

To probe the Q-picture CFT2 description one should impose m = 0, and the the 
corresponding radial equation, from eq. ljlOp . becomes 



{rl + a^)dt + + a')dt + 



2 N 



dr{/^dr) - ^- + ^- ^ \<^ = l{l + 1)$, 

y [r -r+){r+ -r^) [r - r^){r+ - r^) 

(29) 

where acts on "internal space" of the U{1) symme try su ch that 9^(f> = ilq^, 
and £ is a parameter depending on the embedding, see I 24 | 17 | £pj. detailed explana- 
tion. Similarly, the radial equation is just the Casimir operator of the SL(2, R) Lie 
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algebra acting on $ with the identifications 



^ 47rQ(r+r_ - a2) ' ^ 47rQ(r+r_ - a^) ' ^ ' 



Q _ r++ r_ Q _ r+-r^ 

''^ " 4(r+r_ - a2) ' ~ 4(r+r_ - a2) ' ^^^^ 

Now since the momentum mode on the direction is turned off, such probe scalar 
field is not able to explore the information of the background rotation. Therefore, 
it can reveal only the charge dominated subsection resembling the 2D CFT dual to 
the RN black hole with 



c^=c^ = ^, (32) 



and the CFT microscopic entropy matches the Bekenstein-Hawking area entropy of 
the KN black hole 



TT 



5^FT = y (^cgTf + c'^T^ j = nirl + a') = 5bh. (33) 
4.2. Scattering 

The solutions of the near region KG eg . (fTO| . with m = 0, are 

^ (1 _ ,y+i F(aQ,bQ-CQ- z), 

=.z'^«(l-z)'+iF(a^,6^;4;z), (34) 
where the expressions of ag, hq, cq and 7q are 

w(r2 + a2) - qgr+ , ijj{r\ + rl + 2a'^) - qQ{r+ + r^) 
1Q = , aQ = l + i-i , 

6q = 1 + / - i [w(r+ + r_) - gQ] , cq = 1-z27q. (35) 
The asymptotic solution of the ingoing mode is 

i?g"'(r > M) ^AQr'+ Bq r~'-\ (36) 

where 

_ r(cQ)r(2/ + i) r(cQ)r(-2^ - 1) 

^ r(aQ)r(6Q) ' ^2 r(cQ-aQ)r(cQ-M' ^ ' 



and 



.^-,.^-? + l. (38) 
The coefficients ag and 6q can be expressed as 

^Q^/^fi-^TyQ' bQ = h'i-^:^, (39) 



where 



27rT;|^ 27rT2 
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with 



^ 2g(r+r_ - a2) ' 



4 



^ 2g(r+r_ - a2) 

The absorption cross section can be estimated by 



4 



la? 



2(r+r_ — a^) 
2(r+r_ — a^) 



Q 



sinh(2^7Q)) \V{aQ)f |r(6Q)^ 



(41) 



(42) 



abs - \^q\ 

Again, with the help of the first law of thermodynamics SS^px = ^Sbh, the ab- 
sorption cross section can be expressed as 



P. 



abs 




2ttT^ 




r h 



(43) 



which matches the finite temperature absorption cross section of an operator with 
the conformal weights (/il,/i_r), frequencies (ujlt^^r) electric charges {qL,qR) and 
chemical potentials {fiL,fJ,R) in the dual 2D CFT with the temperatures {Tl^Tr)- 



4.3. Real-time Correlator 

In the Q-picture, the two-point retarded correlator is 

Br 



An 



sm 




(44) 

At the Matsubara frequencies ([28| . the retarded Green function agrees well with 
the CFT results ()26ll27p up to a normalization factor depending on and q^. 



5. Conclusion and Discussion 

In this short article, we briefly reviewed our recent work on the twofold dual 2D 
CFT descriptions of the generic nonextremal KN black hole by probing the hidden 
conformal symmetries, in terms of the Kerr/CFT and RN/CFT correspondences. 
The KN/CFTs dualities are shown to be supported by the matching of the entropies, 
absorption cross sections and real time correlators computed from both the gravity 
and the CFT sides. 
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A geometric way to understand this multiple dual CFT pictures is that, 
the KN black hole contains two U{1) fibers, one is the rotation another is the 
electromagnetic field. Its near extremal near horizon geometry has the isometry 
SL{2,R)ji X C/(l) X C/(l), thus there are two options to form the desired warped 
AdSa structures, consequently, leading two dual 2D CFT dualities. Therefore, be- 
sides the mass, each one of the other two macroscopic hairs of the KN black hole, 
can provide an individual holographically dual CFT2 description. This multiple dual 
CFT descriptions has been discussed for the higher dimensional rotating black holes 
with multiple rotations, in which e ach angular momentum can provide an individual 
dual CFT2, see for example ^^SISOl jt would be interesting to check our microscopic 
hair conjecture for more general black holes with multiple U{1) charges, and find 
a full dual field theory description in which each CFT corresponds to some certain 
limit. 
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